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Decomposition of Differentials in Health Expectancies  
From Multistate Life Tables: A Research Note

Tianyu Shen, Tim Riffe, Collin F. Payne, and Vladimir Canudas-Romo

ABSTRACT Multistate mod el ing is a com monly used method to com pute healthy life 
expec tancy. However, there is cur rently no ana lyt i cal method to decom pose the com
po nents of dif fer en tials in sum mary mea sures cal cu lated from mul ti state mod els. In this 
research note, we pro pose a deriv a tivebased method to decom pose the dif fer en tials in 
pop u la tionbased health expec tan cies esti mated via a mul ti state model into two main 
com po nents: the pro por tion resulting from dif fer ences in ini tial health struc ture and 
the pro por tion resulting from dif fer ences in health tran si tions. We illus trate the method 
using data on activ i ties of daily liv ing from the U.S. Health and Retirement Study to 
decom pose the sex dif fer en tial in dis abil ityfree life expec tancy (HLE) among older 
Amer i cans. Our results sug gest that the sex gap in HLE results pri mar ily from dif fer
ences in tran si tion rates between dis abil ity states rather than from the ini tial health 
dis tri bu tion of female and male pop u la tions. The meth ods intro duced here will enable 
researchers,includingthoseworkinginfieldsotherthanhealth,todecomposetherel
a tive con tri bu tion of ini tial pop u la tion struc ture and tran si tion prob a bil i ties to dif fer
encesinstatespecificlifeexpectanciesfrommultistatemodels.

KEYWORDS Multistate life table • Decomposition • Disabilityfree life expec tancy •  
Formal demog ra phy • Health

Introduction

Decomposition methods comprise a suite of both indexspecific and generalized
approaches to decom pose dif fer ences between sum mary indi ces into con tri bu tions 
resulting from their under ly ing param e ters. For the case of healthy (or dis abil ityfree) 
life expec tancy decom po si tion, the approaches include both appli ca tions of gen er
alizeddecomposition(Andreevetal.2002)andindexspecificproposals(Guetal.
2009; Nusselder and Looman 2004; Sauerberg and CanudasRomo 2022; Shkolnikov 
and Andreev 2017). These approaches have been applied to and devel oped for the 
case of healthy life expec tancy cal cu lated with a life table and health prev a lence by 
age (Sullivan 1971), and each esti ma tes the con tri bu tion of dif fer ences in health prev
a lence and mor tal ity to the dif fer ences in health expec tancy.

A poten tial draw back to a Sullivanbased approach is that this method uses only 
aggre gated mor tal ity infor ma tion from all  health states and the health prev a lence 
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resulting from the tran si tions between states. Hence, the effects of health state tran
si tions in shap ing healthy life expec tancy can not be cap tured in the decom po si tion. 
When mor tal ity rates dif fer by health states, dif fer ences in mor tal ity between pop
u la tions are likely to be driven by the under ly ing tran si tions between health states. 
The mul ti state life table can bet ter illu mi nate the dynam ics under ly ing healthy life 
expec tancy using infor ma tion on tran si tions between health states and mor tal ity pat
ternsspecifictoeachhealthstate.Despitetheutilityofthemultistatemodel,therehas
been lim ited devel op ment of meth ods for decomposing mul ti state health expec tancy.

This research note pro poses a method to decom pose health expec tan cies com puted 
from pop u la tionbased mul ti state life tables using a math e mat i cal deriv a tivebased 
decompositionapproachanalogoustothegeneralizedapproachofCaswell(1989). 
Differences in health expec tan cies are decomposed into the por tion driven by the ini
tial (radix) dis tri bu tion of pop u la tion health char ac ter is tics and the por tion resulting 
from dif fer ences in tran si tion rates between health states. To dem on strate the method, 
we decom pose the sex dif fer en tial in the dis abil ityfree and dis abled life expec tancy 
of females and males in the United States into the part due to dif fer ences in tran si tion 
prob a bil i ties between health states and the por tion resulting from dif fer ences in the 
ini tial dis tri bu tion of health states. This decom po si tion yields new insights into the 
com po nents under ly ing dif fer ences in mul ti state life expec tan cies.

Methods

In the sin gledec re ment life table, we usu ally start with the esti ma tion of the age 
specificprobabilitiesofsurviving,px,fromtheobservedagespecificdeathrate.With
the px, the sur vival func tion, lx, is derived recur sively as lx = lx−1px−1= lα pα pα+1…
px−1 = lα pkk =α

x−1∏ , where lα  is the sur vival at radix age, α . The life table num ber of per son 

years lived between age x  and x +1, Lx, can then be approx i mated as Lx=
lx + lx+1
2

,
  

assum ing deaths are uni formly dis trib uted in the age inter val. Life expec tan cies 
definedinboundedagelimits,thatis,temporarylifeexpectancy(Arriaga1984), can 

be cal cu lated as β−α eα = x=α
β∑ Lx
lα

, where α and β are the lower and upper lim its of the 

range of ages of inter est to study. Any life expec tancy at age α can also be cal cu lated 
by study ing the mor tal ity starting at that age, that is, a life table starting at age α with 
radix lα = 1.

Multistate life tables inherit sim i lar func tions and equa tions from the sin gle 
dec re ment life tables and they “are best dealt with by adopting matrix nota tion” 
(Schoen 1988:63). For a mul ti state life table with n states, 1,2,…, n, the matrix of 
tran si tion prob a bil i ties at a given age x is an nbyn square matrix,

Px =

px11 px12 ! px1n

px21 px22 ! px2n

! ! " !

pxn1 pxn2 ! pxnn

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

,
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1677Decomposition of Differentials in Health Expectancy

where pxij  rep re sents the tran si tion prob a bil ity from state i  to j  between ages x  and 
x +1. Like in a sin gledec re ment life table starting from age α, the sur vival matrix lx 
can be cal cu lated based on the tran si tion prob a bil i ties as

   lx = lx−1Px−1= lα Pkk =α
x−1∏ ,  (1)

where the prod uct oper a tor Pkk =α
x−1∏  invokes matrix prod ucts. This sur vi vor ship func

tion at age x is also a square matrix, represented as

lx =

lx11 lx12 ! lx1n

lx21 lx22 ! lx2n

! ! " !

lxn1 lxn2 ! lxnn

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

,

where lxij is the pro por tion of peo ple with ini tial state i at radix age α and in state j at 
age x (Willekens and Rogers 1978).ThisdefinitioncanalsobefoundinEq.(1),as
the right most term, the prod uct of Px, can be seen as one nbyn matrix mul ti ply ing 
the radix sur vival matrix at age α. The radix of the survival matrix is a spe cial case 
as i and j are the same,

lα =

lα11 0 ! 0
0 lα22 ! 0
! ! " !

0 0 ! lαnn

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

,

where lαii are the ini tial pro por tions of peo ple at state i at the radix age α of the mul
ti state life table. The diag o nal in this matrix adds up to 100% of the ini tial pop u la
tion, so lαii = 1i=1

n∑  when com put ing the pop u la tionbased mul ti state life expec tancy 
(Crimmins et al. 1994).

As in the sin gledec re ment life expec tancy, the pop u la tionbased mul ti state life 
expec tancy, β−α eα, is cal cu lated in terms of the sur vival matrix as

   
β−α

 eα = lα
2
+ lx +

lβ
2x=α+1

β−1∑ ,
 

(2)

where the lβ is the sur vival matrix of the last age and lx are the ones between ages  
α and β. The expec tancy in mul ti state life table from age α to β can be represented as

β−α
 eα =

β−α
 eα11

β−α
 eα12

! β−α
 eα1n

β−α
 eα21

β−α
 eα22

! β−α
 eα21

! ! " !

β− x
 eαn1 β−α

 eαn2
! β−α

 eαnn

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

,

where β−α eαij  cor re sponds to the expected con tri bu tion to pop u la tionbased life exp
ec tancy in state j  from age α to β for indi vid u als in ini tial state i at exact age α, 
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weighted by the ini tial pop u la tion struc ture. The sum of the ele ments in each col umn 
is the expec tancy in each state by per sons alive at exact age α, irrespective of their 
ini tial state (Schoen 1988).

Following the pro ce dure in Vaupel and CanudasRomo (2003), we let a dot on 
top of a func tion denote the deriv a tive either with respect to time or in our case a 
betweenpopulationcomparison(asdoneinCanudasRomoandGuillot2015). This 
com par i son between two pop u la tions in the mul ti state tem po rary life expec tancy can 
be cal cu lated as the deriv a tive for each of the addi tive com po nents in Eq. (2),

   
β−α

 
!eα =
!lα
2
+ !lx +

!lβ
2x=α+1

β−1∑ .
 

(3)

The the ory of matrix cal cu lus is detailed in Magnus and Neudecker (2019) and the 
cal cu la tion pro ce dure can be found in the online appen dix. Similarly, the deriv a tive 
in the sur vival matrix in Eq. (1) for val ues of x ≥ α is

  
!lx = !lα Pkk =α

x−1∏ + lh !Ph Pkk =h+1
x−1∏( )h=α

x−1∑ ,
 (4)

where Pkk =h+1
x−1∏  is an iden tity matrix when h = x −1.

Substituting Eq. (4) into Eq. (3) and arranging terms, we obtain

  
β−α

 
!eα = !lα·β−α #α + lx !Pxx=α

β−1∑
I
2
+ β− x−1

 #x+1
⎛
⎝⎜

⎞
⎠⎟

,
 

(5)

where I is the iden tity matrix and β− x #x is the sta tusbased life expec tancy between 
age x and β. The lat ter quan tity is sim i lar to the pop u la tionbased life expec tancy, 
β−α

 eα, in Eq. (2), but with out the prod uct of the ini tial pop u la tion struc ture, lα, cal cu

lated as β− x #x =
I
2
+ Pkk = x

h∏( )h= x
β−2∑ + k = x

β−1∏ Pk
2

. Thus, the pop u la tionbased mul ti state 

life expec tancy in Eq. (2) can be alter na tively com puted as the prod uct of the ini tial 
pop u la tion struc ture and sta tusbased life expec tancy, β−α eα = lα·β−α #α . For the last 
value when x = β −1, the term 0

 #βisdefinedasazeromatrix.Detailsofthecalcula
tion pro ce dures here are included in the online appen dix.

Equation (5) can be interpreted as hav ing two terms: (1) the effect from com
par i sons between the ini tial pop u la tion struc tures, denoted by !lα·β−α #α, and (2) the 
effect from the com par i son between the tran si tion matri ces across ages, or the sec ond 
term in Eq. (5). The prod uct within the sum ma tion oper a tor of the sec ond term in  

Eq. (5), lx !Px
I
2
+ β− x−1

 #x+1
⎛
⎝⎜

⎞
⎠⎟
,istheagespecificeffectfromdifferencesinthetransi

tion matrix at age x. The sum of each col umn of the matri ces in these two com po nents 
isthecontributiontothestatespecificlifeexpectancycomparison.

The dif fer ence in health expec tan cies resulting from dif fer ences in the tran si tion 
matri ces expe ri enced by two groups can be interpreted as the com bined effect of all  
the tran si tion prob a bil i ties in the matri ces. These over all health expec tancy dif fer
ences due to the tran si tion matri ces can be fur ther disentangled into the indi vid ual 
effects of each tran si tion prob a bil ity, via matrix mul ti pli ca tion in the sec ond term of 
Eq.(5).Theeffectfromdifferencesinanyagespecifictransitionprobabilityfromg 
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to h (denoted as 
 
ghλ xij ) on the dif fer en tial in life expec tancy in state j  between ages α 

and β for indi vid u als in ini tial state i (denoted as β−−α 
!eαij ) can be cal cu lated as

   
 
ghλ xij =

lxig !pxgj

2
+ lxig !pxgh β−− x −−1

 εx+1
hj ,

 
(6)

where lxij, !pxij, and β− x εxij are ele ments within matrix lx, !Px, and β− x #x, respec tively, of 
the sec ond term in Eq. (5). !Px and β− x #x are, respec tively, anal o gous to the matri ces 
Px and β−α eα  presented ear lier with the ele ments inside replaced by !pxij and β− x εxij.  

Equation (6) can also be seen as the matrix oper a tions of lx !Px
I
2
+ β− x−1

 #x+1
⎛
⎝⎜

⎞
⎠⎟

 in  

Eq. (5). The online appen dix pro vi des detailed cal cu la tion pro ce dures for disentangling  
these effects. We can obtain the over all effect from dif fer ences in any tran si tion prob
a bil ity, from g to h, on the dif fer en tial in life expec tancy in state j by sum ming all  
the ini tial states, i, and ages, x, from Eq. (6). This can be writ ten as

    
ghλ  

· j =  
ghλ xiji=1

n∑x=α
β−1∑ , (7)

with the “ · ” before j representing the aggre ga tion by i. Equation (7) reveals that 
every prob a bil ity inside the tran si tion matrix has effects on the dif fer en tial in Eq. (5) 
ofevery statespecific lifeexpectancy.Thesumof these transitionspecificeffects
across every tran si tion prob a bil ity,  

ghλ  
· j

h=1
n∑g=1

n∑ , is equal to the con tri bu tion to the 
statespecificlifeexpectancydifferencesfromthetransitionmatrix(i.e.,thesecond
term in Eq. (5)). All cal cu la tions were conducted using R soft ware (R Core Team 
2023),andthegeneralizableRcodeisincludedintherepositoryhttps:  /  /github  .com 
  /tyaSHEN  /HLEdecom.

Illustration

We illus trate this decom po si tion method by looking at the sex dif fer en tial in  
dis abil ityfree life expec tancy (HLE) and dis abled life expec tancy (ULE) from ages 
55 to 105 in the United States. This tem po rary life expec tancy is, in this illus tra tion, 
referred to and interpreted as the remaining life expec tancy at age 55 assum ing that 
no one sur vives beyond 105 years old. This sex dif fer en tial is decomposed into the 
con tri bu tion resulting from the ini tial pop u la tion health struc ture and the con tri bu tion 
from dif fer ences in tran si tion prob a bil i ties between health states.

Data and Estimation Procedures

Our dis abil ity data are from the U.S. Health and Retirement Survey ([HRS] 2021), a 
bian nual national lon gi tu di nal sur vey (Sonnega et al. 2014). Since 1992, the HRS has 
sur veyed a lon gi tu di nal panel of approx i ma tely 20,000 indi vid u als aged 51 or above, 
collecting infor ma tion on sociodemographic, health sta tus, wealth, income, and 
pen sions. Mortality fol lowup is conducted by linking the HRS sam ple to the U.S. 
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national death index. HRS data include sam ple weights and are designed to be rep re
sen ta tive of the U.S. pop u la tion. We esti mate the remaining HLE by sex by aggre gat
ingdatafromthe2008to2018wavesofdatacollection.Disabilityisconceptualized
asdifficultyindoinganyofthefiveactivitiesofdailyliving(ADLs):bathing,dress
ing, eat ing, trans fer ring in/out of bed, and walk ing across a room. Individuals are 
classifiedas“disabilityfree”iftheyreportnodifficultywithADLor“disabled”if
theyreportdifficultywithoneormoreADLitems,asinPayne(2022). The base line 
of the ini tial pop u la tion and health struc ture rep re sents the aver age char ac ter is tics 
ofrespondentsagedbetween51and60yearsold,withonlythefirstrecordforeach
indi vid ual used in cal cu lat ing this base line health state dis tri bu tion. The respon dents 
from the 10year age group are pooled together to cre ate a syn thetic cohort cen tered 
onage55toincreasethesamplesizeandreduceuncertainty.

Similar to many stud ies esti mat ing healthy life expec tancy from a health sur vey, 
the tran si tion prob a bil i ties between health states by age and sex are esti mated using 
a mul ti no mial logis tic regres sion model to pro duce smoothed esti ma tes (e.g., Cai 
et al. 2010; Huang et al. 2021;ShenandPayne2023). We include age squared and 
the inter ac tion between age and sex in the regres sion to account for poten tial non
lin e ar ity in the effect of age. Our ana ly ses include the weight from HRS (com bined 
respon dent weight and nurs ing home res i dent weight) and an attri tion weight cal cu
lated from inverse prob a bil ity weighting of sociodemographic char ac ter is tics, such 
as sex, edu ca tion, race, and eth nic ity. The point esti ma tes presented are from the 
dataset col lected in HRS. We resample this orig i nal dataset 500 times by bootstrap
ping to esti mate the var i ance in both base line char ac ter is tics and tran si tion prob a
bil i ties. The cen tral 95% of the results based on these 500 bootstrapping resamples 
aretakenastheconfidenceintervals.Thestatespaceforourthreestateexampleis
illus trated in Figure 1. The two tran sient (or nonabsorbing) states are dis abil ityfree 
(or health, “H”) and dis abled (or unhealthy, “U”), while dead (“D”) is the absorb ing 
state in our model.1

Results

The ini tial pop u la tion health struc ture at age 55 by sex is pro vided in panel A of 
Table 1. The proportions of indi vid u als who are ini tially dis abil ityfree are quite 
similar among females andmales. PanelB ofTable 1 pres ents the sta tusbased 
HLE and ULE at age 55, where the expec tan cies are not weighted by the ini tial 
pop u la tion struc ture from panel A. Each row rep re sents expected years spent in 
dif fer ent health states sep a rately by ini tial dis abil ity sta tus. For exam ple, the cell 
in the top left cor ner (24.49) rep re sents the expected years spent dis abil ityfree for 

1 This threestate exam ple should result in three col umns of expec tan cies in β−α eα (or a 3× 3 matrix). How
ever, the third row and col umn of the resulting matrix do not add any use ful infor ma tion to our results: all  
valuesinthethirdrowarezero(asnoindividualsareinitiallydeadinouranalysis),andthethirdcolumn
representsthelifeyearslost,whichcanbecalculatedasthecomplementofthesumofthetwostatespecific 
life expec tan cies (Andersen et al. 2013).Therefore,theresultsareshowninasimplified 2× 2 struc ture 
even though we use a threestate exam ple. Of note, our decom po si tion method is also appli ca ble to mul ti
state life tables with out an absorb ing state, in which case a 3×3 matrix could be use ful.
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Disability-free 

(H)
Disabled 

(U)

Dead

(D)

Fig. 1 An example of a statespace with three states and possible transitions of healthy life expectancy

Table 1 Baselinepopulationhealthstructure(A)andstatusbased(B)andpopulationbased(C) 
dis abil ityfree and dis abled life expec tancy (HLE and ULE, respec tively), at age 55 by sex, United 
States, 2008–2018

A.BaselinePopulationHealthStructurebySex,l55

Initial Disability Status Females Males

DisabilityFree (H) 0.88
(0.87, 0.89)

0.89
(0.88, 0.90)

Disabled (U) 0.12
(0.11, 0.13)

0.11
(0.10, 0.12)

B.StatusBasedHLEandULEbySex,50
 #55

Females Males

Initial State HLE ULE Total HLE ULE Total

H 24.49
(24.14, 24.88)

5.49
(5.26, 5.73)

29.98
(29.57, 30.42)

23.09
(22.63, 23.56)

3.88
(3.68, 4.08)

26.97
(26.52, 27.45)

U 19.26
(18.75, 19.81)

8.71
(8.40, 9.04)

27.97
(27.36, 28.54)

17.42
(16.83, 18.07)

6.84
(6.52, 7.15)

24.26
(23.62, 24.94)

C.PopulationBasedHLEandULEbySex,50
 e55

Females Males

Initial State HLE ULE Total HLE ULE Total

H 21.64 4.85 26.49 20.56 3.46 24.02
U 2.24 1.01 3.25 1.90 0.75 2.65
Total 23.88

(23.51, 24.28)
5.87

(5.64, 6.12)
29.75

(29.30, 30.20)
22.47

(21.99, 22.95)
4.20

(3.98, 4.42)
26.67

(26.21, 27.18)

Notes:PanelCiscalculatedusingEq.(2).95%confidenceintervalsareshowninparentheses.H= dis abil ity 
free. U = dis abled.

Source: Authors’ cal cu la tions based on the Health and Retirement Study (2021).
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a woman who is dis abil ityfree at age 55, and the cell to its right (5.49) rep re sents 
the expected time spent with dis abil ity for a woman who is dis abil ityfree at age 55. 
Therefore, the remaining life expec tancy of a woman who is dis abil ityfree at age 
55 is 29.98 years. In con trast, a woman who is dis abled at age 55 has a remaining 
life expec tancy of just under 28 years.

PanelCofTable 1 pres ents the con tri bu tion of indi vid u als from each ini tial health 
state to total pop u la tionbased health expec tan cies, 50

 e55, com bin ing infor ma tion from 
panelsAandB.ThesexdifferentialsinpanelCarewhatwesetouttodecomposein
this paper. The rows rep re sent the expected con tri bu tion to the pop u la tionbased health 
expec tancy by ini tial health state, weighted by ini tial dis abil ity sta tus. The row total 
is the total life expec tancy (TLE) by ini tial health state, weighted by ini tial dis abil ity 
sta tus. The main func tion of these mar gin totals is to show the addi tive rela tion ship of 
the weighted aver age TLE (e.g., 29.75 for females) and the rela tion ship between the 
dif fer ent steps of the sub se quent decom po si tion. The more impor tant infor ma tion of 
panel C is in the mar gin of each col umn, which is the aver age time an indi vid ual can 
expecttospendineachstate.These“Total”figurescanbeunderstoodastheweighted
averageofthecorrespondingcolumninpanelB,withtheinitialstateproportionsof
panel A used as the weights. Females on aver age spend 23.88 years dis abil ityfree and 
5.87 years with dis abil ity, which adds up to the TLE of 29.75 years. For males, these 
figuresare22.47and4.20years,respectively,foratotalof26.67yearsofTLEatage
55.Examinationoftheconfidenceintervals(CIs)intheparenthesesbelowthepoint
estimatesshowsthatfemaleshavesignificantlyhigherHLEandULEthanmales.The
con trib u tors to these sex gaps are then explored in the decom po si tion (see Table 2).

Table 2hasfourpanels.PanelAisthesexgapinexpectanciescalculatedfrom
Table 1,panelC.PanelsBandCinTable 2 rep re sent the com po nents con trib ut ing 
to the sex gap from Eq. (5), and panel D fur ther decom poses the con tri bu tions from 
the tran si tion matrix based on Eq. (7). The row totals rep re sent the sex gap in TLE by 
ini tial health state, weighted by ini tial dis abil ity sta tus, with a total sex gap of 3.08 
years in TLE. These row totals also show the addi tive rela tion ship of the decom po si
tion. For exam ple, the row totals in panel A (2.48 and 0.61 years for the healthy and 
unhealthy,respectively)aretheadditionoftherowtotalsofpanelsBandC.How
ever, the pri mary focus should be on the “Total” (the third) row. As shown in panel A, 
females live 1.42 more dis abil ityfree years and 1.66 more dis abled years than males, 
whichcombinetoproduceasexgapof3.08yearsofTLE.Allofthesefiguresaresig
nificantlyabovezero(fullypositive95%CIs).ThevaluesinpanelsBandCaddup
tothecorrespondingvaluesinpanelA.PanelBshowsthattheinitialhealthstructure
con trib utes to small sex gaps in HLE (−0.04) and ULE (0.02), though these gaps are 
notstatisticallysignificant.Thevaluesinthefirstrowareallnegative,revealingthat
there is a slightly higher pro por tion of males who are ini tially dis abil ityfree at age 55 
as com pared to females. The decom po si tion, how ever, allows us to directly iden tify 
how this dif fer ence in ini tial health state com po si tion con trib utes to the over all sex 
dif fer en tial in health expec tan cies.

PanelCofTable 2 pres ents the con tri bu tion of the dif fer ence in tran si tion prob a
bil ity matri ces to the sex gap in health expec tan cies at ages 55 and above. This rep re
sents the com bined effect of all  prob a bil i ties in the matrix on each expec tancy across 
ages. The cells in panel C rep re sent the total effect due to dif fer ences in  tran si tion 

D
ow

nloaded from
 http://read.dukeupress.edu/dem

ography/article-pdf/60/6/1675/2039041/1675shen.pdf by guest on 10 August 2024



1683Decomposition of Differentials in Health Expectancy

prob a bil i ties, net of the ini tial health state com po si tion. Thus, from panel C, we con
clude that the com bined dif fer ence in health state tran si tions between males and 
females at ages above 55 con trib utes 1.46 years to the gap in HLE, 1.64 years to the 
gap in ULE, and hence 3.10 years to the gap in TLE.

Figure 2presentstheagespecificsexgapsintransitionprobabilities,showingthat
the tran si tion matri ces act to widen the sex gap in both health states. The area under 
the curve cor re sponds to the col umn sum of panel C of Table 2 or the sec ond term 
in Eq. (5). The CIs are usu ally wider at ear lier ages because the weight, ω− x

 #x in Eq. 
(5), is much higher at ear lier ages and hence the bootstrapped var i ance of the tran si
tionmatricesismagnifiedbythisweight.Sexdifferentialsintransitionprobabilities
among the ear lier ages con trib ute more to the gap in HLE, while tran si tions among 
ages above 75 pre dom i nantly con trib ute to the gap in ULE. These sex dif fer en tials in 
the tran si tion matri ces are the main rea son for females’ advan tage in HLE at youn ger 
ages and in ULE at older ages.

Table 2 DifferenceinremainingHLEatage55betweenfemalesandmales(A),itscomponents(Band
C), and the fur ther decom po si tion of each tran si tion (D) for the United States, 2008–2018

A. Difference in Expectancies, 50
 !e55

Initial State HLE ULE Total

DisabilityFree (H) 1.08 1.40 2.48
Disabled (U) 0.34 0.27 0.61
Total 1.42*

(0.80, 2.01)
1.66*

(1.35, 2.01)
3.08*

(2.41, 3.73)

B.FromInitialPopulation,!l55·50
 #55 C. From Transitions,

 
x=55

104

∑ lx !Px
I
2
+ β− x−1

 #x+1
⎛
⎝⎜

⎞
⎠⎟

Initial State HLE ULE Total HLE ULE Total

H −0.17 −0.03 −0.20 1.25 1.43 2.68
U 0.13 0.05 0.18 0.21 0.21 0.42
Total −0.04

(−0.11, 0.04)
0.02

(−0.03, 0.06)
−0.02

(−0.05, 0.02)
1.46*

(0.82, 2.05)
1.64*

(1.35, 1.97)
3.10*

(2.41, 3.74)

D.FromEachTransitionProbability

Transition (gh)
Contribution
to Difference in LE

HH  
(stay 

healthy) HU  
(dis able ment)

UH  
(recov ery)

UU   
(stay 

unhealthy) Total

 
ghλ  

·H 0.62
(−0.11, 1.29)

0.35
(−0.02, 0.72)

−0.20
(−0.58, 0.18)

0.69*
(0.39, 0.98)

1.46*
(0.82, 2.05)

 
ghλ  

·U 0.18*
(0.01, 0.34)

0.46*
(0.20, 0.72)

−0.05
(−0.13, 0.03)

1.06*
(0.85, 1.29)

1.64*
(1.35, 1.97)

Notes: PanelA is calculated usingEq. (3), panelsB andCusingEq. (5), and panelDusingEq. (7).
95%confidenceintervalsareshowninparentheses.Valueswithanasteriskaresignificantlyabovezero. 
H = dis abil ityfree. U = dis abled.

Source: See Table 1.
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ThetransitionspecificdecompositionofTable 2, panel C, is shown in panel D of 
that table, based on Eq. (7). This decom po si tion can facil i tate under stand ing of which 
tran si tion prob a bil ity inside the tran si tion matrix con trib utes the most to the sex gap. 
The dif fer ence in tran si tion prob a bil i ties between nonabsorbing states has effects on 
the sex gap in both HLE and ULE. The sum of each row in panel D is equal to the cor
respondingcolumntotalinpanelC.Wefindthatalltransitionsexceptrecoverymake
pos i tive con tri bu tions to the sex gap in HLE and ULE, although these con tri bu tions 
arenotuniversallystatisticallysignificant.Thecontributionfromtheprobabilityof
remaining healthy (  

HH λ x·H ) has a high point esti mate (0.62) but its CI is also wide, 
span ning −0.11 to 1.29.

Figure 3presentstheagespecificcontributionofeachtransitionprobabilityto
differencesinHLE(panela)andULE(panelb),providingavisualizationofthe
sub com po nents under ly ing Figure 2. The sum of all  prob a bil i ties at each age in 
panel a corresponds to the agespecificvalues of theHLE (solid) line inFigure 
2. Similarly, the sum of agespecific values in panel b corresponds to theULE
(dashed) line in Figure 2. The wider CIs at youn ger ages result from their higher 
weight, as discussed ear lier.
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Fig. 2 Contribution of transition matrices by age, lx !Px
I
2
+ β− x−1

 #x+1
⎛
⎝⎜

⎞
⎠⎟
, to the difference in remaining HLE 

atage55betweenfemalesandmales,UnitedStates,2008–2018.Agespecificresultscorrespondtopanel
C, Table 2, and Eq. (5). Source: See Table 1.
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Combining the results from Table 2, panel D, and Figure 3 dem on strates that tran
si tion prob a bil i ties tend to have greater impacts on time spent in des ti na tion states 
than in ori gin states. In other words, dif fer ences in the prob a bil ity of stay ing healthy 
have a larger effect on HLE than on ULE. On the con trary, dif fer ences in dis abil ity 
onset have a larger effect on ULE than on HLE, though the sex dif fer en tials in the 

Fig. 3 Contribution from each transition probability by age,  
ghλ x· j, to the difference in remaining HLE at 

age55betweenfemalesandmales,UnitedStates,2008–2018.AgespecificresultscorrespondtopanelD,
Table 2, and Eq. (7). Source: See Table 1.

−0.050

−0.025

0.000

0.025

0.050

0.075

60 70 80 90 100
Age

D
iff

er
en

ce
 in

 L
ife

 E
xp

ec
ta

nc
y

D
iff

er
en

ce
 in

 L
ife

 E
xp

ec
ta

nc
y

HH
x
 H

HU
x
 H

UH
x
 H

UU
x
 H

−0.050

−0.025

0.000

0.025

0.050

0.075

60 70 80 90 100
Age

HH
x
 U

HU
x
 U

UH
x
 U

UU
x
 U

b. Contribution to difference in ULE

a. Contribution to difference in HLE

.

.

.

.

.

.

.

.

�

�

�

�

�

�

�

�

D
ow

nloaded from
 http://read.dukeupress.edu/dem

ography/article-pdf/60/6/1675/2039041/1675shen.pdf by guest on 10 August 2024



1686 T. Shen et al.

prob a bil ity of remaining unhealthy (  
UU λ x·H ) are also the big gest driver of the sex 

gap in HLE. Females’ higher prob a bil ity of stay ing unhealthy (i.e., alive) com pared 
with males, with lit tle dif fer ence in recov ery, implies lower mor tal ity from being 
unhealthyandtheiradvantageintotalLE.Bylookingattheeffectfromeachtransi
tion prob a bil ity on dif fer ences in HLE and ULE, one can deduce dif fer ences in total 
LE (i.e., mor tal ity), which is the sum of these two. The large effect of the prob a bil
ity of stay ing alive but unhealthy after age 55 leads to females’ higher pro por tion 
of expected years liv ing with dis abil ity (19.7%) com pared with males’ (15.7%), as 
shown in Table 1, panel C.

In Figure 3,wefindthattheeffectsoftheprobabilityofremainingunhealthyon
HLE con cen trate in the youn ger ages and grad u ally decline after age 70. In con trast, 
its effects on ULE grow at older ages, which explains the peak of the dashed line 
in Figure 2. Females’ higher prob a bil ity of stay ing healthy and of dis able ment also 
makeasignificantandstablecontributionto thesexgapinULEacrossages.The
prob a bil ity of recov ery is the only tran si tion prob a bil ity that compresses the sex gap, 
butitisnotsignificantlybelowzeroacrossage.

Discussion and Conclusion

This research note pres ents a method to decom pose dif fer ences in pop u la tionbased 
mul ti state life expec tan cies that is fun da men tally dif fer ent from decom po si tion meth
ods based on Sullivanbased health expec tan cies. While Sullivanbased meth ods 
decom pose dif fer ences in health expec tancy into por tions resulting from mor tal ity 
differences andhealthprevalencedifferences (Oksuzyan et al.2010), a mul ti state 
decom po si tion offers greater insights into how dif fer ences in tran si tion prob a bil i
ties between states can result in dif fer ences in health expec tan cies and over all life 
expec tancy.

Our mul ti state decom po si tion approach includes infor ma tion on each tran si tion, 
such as the prob a bil ity of recov er ing from dis abil ity and remaining dis abled, which 
is unavail able from the Sullivanbased decom po si tion. Although the Sullivanbased 
decom po si tion is valu able in cases where only crosssec tional data are avail  able, our 
method presents the first comprehensive approach to decomposingmultistate life
table quan ti ties. In our appli ca tion of this method to the sex gap in health expec tan
ciesintheUnitedStates,wefindthatremainingdisabled,ratherthanrecovering,is
the larg est con trib u tor to the sex dif fer en tial in both dis abil ityfree and dis abled life 
expec tancy. The ini tial pop u la tion health struc ture is a rel a tively small com po nent in 
our exam ple, partly because the health struc ture at age 55 between males and females 
is very sim i lar. Additionally, the remaining life, from 55 to 105, is long enough to 
atten u ate this gap with the tran si tion prob a bil i ties at each age (cf. Lièvre et al. 2003: 
figure2).However,theinitialhealthstructurecouldhavebigeffectswhenconsider
ing remaining life expec tancy at older ages or shorter tem po rary life expec tancy (e.g., 
sixyearsinPayne2022). More impor tantly, our method not only decom poses com
po nent effects from ini tial con di tions and tran si tions but also effects from each tran si
tion between health states. For exam ple, we can iden tify that, despite the large effect 
from dif fer ences in the tran si tion matrix in our illus tra tion, recov ery from  dis abil ity 
accounts for only a very small impact on the sex gap. Our results are based on the 
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most com monly used matrix alge bra approach of mul ti state health expec tancy cal
culations,butfuturestudiescouldexploreotherparameterizations(e.g.,conditional
prob a bil ity used in Moretti et al. 2023) and their sen si tiv ity to the results.

The data used in the illus tra tion are from the health sur vey and hence pro duce 
largeCIsintheagespecificresults.Providedthatonehasaccesstopopulationlevel
registerdataorvitalstatistics,themethodcanbeappliedtotheobservedagespecific
transition,whichmayreduceuncertainty.Themethodisalsogeneralizabletoother
statespaces with out absorb ing states, or to abridged life tables. Moreover, it is suit
ableforanalyzingotherexpectanciesbasedonmultistatelifetables,suchasemploy
ment and mar riage expec tan cies. Our decom po si tion for com par i sons between 
pop u la tions can also be applied to changes over time (i.e., deriv a tives with respect 
to time). This decom po si tion could be of great use for under stand ing the under ly ing 
com po nents con trib ut ing to the com pres sion or expan sion of mor bid ity.

In sum mary, this method enables research ers to explore the con tri bu tion of the ini
tial pop u la tion struc ture and the tran si tion prob a bil i ties to the dif fer en tial in expec tan
cies from mul ti state mod els, allowing for unri valed insight into the fac tors under ly ing 
differencesinpopulationlevelhealthexpectancies.■
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