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Abstract

A population’s current growth rate is determined jointly by changes in fertility, mortality, and
migration. This overall growth rate is also the average of age-specific growth rates, which can
be decomposed into the result of historical changes in fertility, mortality and migration.
However, doing so requires over 100 years of historical data, meaning that such analyses are
possible only in select few populations. In this research note, we propose an adapted version
of the variable-r model to measure contributions to the population growth rate for countries
with shorter demographic series. In addition, we extend this model to explore the contribution
of subnational changes to the national population growth rate. Our results demonstrate that the
age-specific growth rates obtained from short historical series, say 25 years, closely match
those of the longer series. These abbreviated age-specific growth rates closely resemble the
growth rate at birth of their respective cohorts, which is the major determinant of population
growth, except at older ages where mortality becomes the main explanatory element. Exploring
subnational populations, we find considerable heterogeneity in the age-profile of the
components of growth, and find that the most populous regions tend to have an outsized impact

on national-level growth.
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Introduction

Population growth (increases and declines) remains one of the key demographic concerns
worldwide. The world’s population will continue growing from 8 billion today to a peak at
nearly 10.4 billion around 2080 (UN 2022). The simple and elegant demographic balance
equation allows researchers to estimate the combined contribution of births, deaths and
migration to those changes in population (Preston et al. 2001). The components of the balance
equation can be seen as a prospective perspective of population growth. However, counts of
deaths and births are predetermined by the population’s composition—for example, aging
populations experience a high number of deaths and few births. Alternatively, a retrospective
view towards population growth explains growth as the result of historical demographic events
that have shaped the current population composition. This research note builds on previous
efforts to disaggregate the demographic history of current population growth by Canudas-
Romo et al. (2022), extending this method to shorter time series and disaggregated to

subnational populations.

The current population growth rate is the average of the age-specific growth rates, weighted
by the population composition (Horiuchi 1991). Those age-specific growth rates are in turn
determined by the contribution of historical changes in fertility, mortality and migration. The
variable-r model separates the past contribution of each of these demographic components
from the age-specific growth rates (Arthur and Vaupel 1984; Lee and Zhou 2017; Murphy
2017; Preston and Coale 1982; Preston and Stokes 2012; Preston and Vierboom 2021).
However, traditional variable-r methods require extremely long demographic series (birth,
mortality and migration) to explore growth at all ages, with particularly high data demands at
oldest-old ages. Using an alternative variable-» approach it is possible to accommodate shorter
demographic series and explore the historical demographic contribution between two given
years (Canudas-Romo et al. 2021). In this research note, we adapt this approach to the
population growth rate. Thus, we derive a direct disaggregation of the population growth rate
at each age as the population growth at an earlier age and the historical cohort survival and

migration between the two that produced today's population.

Historical trends in fertility, mortality and migration vary across countries, but substantial
variability is also observed within countries’ subnational populations (Nisén et al. 2021;
Alexander et al. 2017; Bozick 2021). As a consequence, considerable heterogeneity can be

hidden within national population growth rates, which may overlook diversity in growth
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patterns within the subnational populations. To further explore how subnational population
changes contribute to national-level growth, we propose an extension of the population growth

rate to account for the regional/states contribution.
Data

Our analysis uses age- and sex-specific population counts and death rates for national
populations from the Human Mortality Database (HMD), and for subnational populations
(departments/prefectures/provinces/states/territories) from the available subnational mortality
databases: Australian (AHMD), Canadian (CHMD), French (FHMD), Japanese (JMD), and
the US Mortality Databases (USMDB). These databases use the same methods protocol from
the HMD, meaning that similar derivations of life table measures are performed for all
populations, allowing comparability across countries and subpopulations. The use of this HMD
protocol was the main criteria for selecting these countries, which represent a combination of
growing and declining (Japan) populations during the studied period. The current HMD
methods protocol (version 6) is a result of several iterations experienced during the
development of the database. Similar scrutiny and possible subnational-specific methodology
will need to be developed for these subnational databases. This is particularly critical for the
assumptions on migration which could create bias in results on person-years and, thus, life
table measures. Additionally, the information from the United Kingdom countries (England
and Wales, Northern Ireland and Scotland) from the HMD were also included in our
subnational study. Population counts were obtained from these databases; 2010 to 2020 was
the most recent time available across all subnational and national populations and was selected
as our time range of analysis. The details of the available information for each of the
subnational databases are included in Table A1l in the Supplementary Online Material (SOM)
Appendix 1.

Method

The population growth rate at time ¢, or r(t), is the average of the age-specific growth rates

weighted by the population composition at each age as
r(®) = J; re(®ex(Ddx, (1)

where 7,.(t) and c, (t) correspond to the growth rate and population composition at age x and

time ¢ respectively.
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To decompose the population growth between two points in time we apply an extension of
variable-r method (Canudas-Romo et al. 2021). In this truncated variable-r decomposition the
population growth rate at age x and time ¢, 7,.(t), for each cohort is separated into the growth
at an earlier age y, or 3, (t — x + ¥), and the cohort survival and net migration changes between

the two ages as
n(0) =1t —x+y) +ASTF(y,x) + AMT*(y,x), )

where ASt™*(y, x) and AM*~*(y, x) are the changes in cohort survival probabilities and net
migration probabilities from a younger age y to the older age x. The change in net migration
AM®**(y,x) is estimated from the residuals of Eq. (2) as in previous studies (Preston and
Stokes 2012; Preston and Vierboom 2021). Since our aim is to decompose the population
growth between two periods, the age-specific growth rates 7, (t) were calculated from ages 0
to 100. Thus, equations (1) and (2) combine to produce the contribution of growth at an earlier

age (refer to r-past), survival and net migration to the total population growth.

Eq. (1) can also be applied to calculate subnational growth rates, or r;(t) for subnational

population i, defined as r;(t) = fow Ty i(t)cy;(t)dx, where ¢, ;(t) = Azlvx—L((t? is the population

composition at age x and time ¢ in the subnational population i. To study the contribution of

each subnational population i growth rate to the national population growth there is another

average, r(t) = X; 1;(t)c;(t), where ¢;(t) = 11\\’117(:)) corresponds to population composition at

time ¢ in subnational population i with respect to the total population. With substitution, we can

derive the formula
r(®) = % f, 1 (Ocxi (D (B)dx, 3)

where 7,,;(t) can be separated with Eq. (2) further into the contribution of survival and
migration as well as the previous growth rate. Further details of these equations and their
derivations presented here in continuous are found in the SOM Appendix 2. All calculations
were conducted in R software (R Core Team 2023), and the R codes of the programs used in

the analysis are included in the GitHub repository: https://github.com/tyaSHEN/subnational.
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Results

This section focuses on demonstrating that the growth rate decomposition introduced in
Canudas-Romo et al (2022) can be generalized and applied to shorter time series and
subnational populations. We show results decomposing the rate of population growth between
2010 and 2020 for the six selected countries (Australia, Canada, France, Japan, the UK, and
the US) and their subnational populations. This rate of growth is separated into three terms: the
portion resulting from changes in cohort survival probabilities, the portion resulting from
changes in cohort net migration probabilities, and the portion resulting from the growth rate at
an earlier age (r-past). We test several different time periods of historical information to
understand how sensitive our substantive results are to differing time horizons (25, 50, 75, and
100 years). Finally, we explore the drivers of changes in subnational growth rates, focusing on
understanding the contribution of the subnational growth rate components to population
changes at the national level.

Figure 1 depicts the age-contribution to the growth rate from Eq. (1) for the selected
countries. The peaks and valleys in the age trends coincide in all nations: high values in ages
5-10, 25-35, and 55-75; and low values in ages 12-25, 40-50, and after age 75. These growth
rates contributions correspond to these countries’ baby-boomer cohorts (aged 55-70), the
generation X, or “echo-boomers”, found between ages 25 and 35, and the “baby bust” between
40 and 50. It is worth noting that these age-patterns are not universal, fluctuations in the growth
rate contributions in Japan are the opposite of the age-specific trends in other countries,

excepting the high growth rate above age 70 (Figure A2 in SOM Appendix 3 includes Japan).

[Figure 1 about here]

The cross-sectional representation of the population change between 2010-2020 shown in
Figure 1 can be further decomposed into its historical components as presented in Eq. (2).
Figure 2 demonstrates this decomposition by focusing on the US female population growth
rate between the years 2010 and 2020, based on four different periods of historical information:
25, 50, 75 and 100 years. Each sub-Figure includes the age-patterns of the components of the
age-specific growth rates, namely the product of the population composition, or ¢, (t), with
each component: changes in cohort survival probabilities and cohort net migration probabilities,
as well as the growth rate at an earlier age (r-past) as described in Eq. (2) and further explained

in SOM Appendix 2. Comparing across these four periods of historical information in Figure
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2, we find a remarkable similarity between the age-contributions. This suggests that short
lengths of time are sufficient to estimate the age-contributions of survival, net migration and
past-growth to the overall growth rate. The consistency in age-specific growth rates over age
for any given cohort, except at old ages, is the main reason for the similarity in age-
contributions. A cohort’s growth rate starts at a level set by the growth rate at birth and,
although it changes at subsequent ages due to survival and migration, it remains similar to this
initial growth. This similarity between age-specific growth rates and their corresponding
growth rate at birth allows us to use shorter series of 25-50 years and still obtain similar age-
patterns describing the cohorts demographic history.

Although deviations arise between the age-specific growth rates at older ages and their
growth rate at birth, these differences play a minor role in the overall growth rate given that
they are weighted by the structure of the population. Older adults represent a smaller proportion
of the total population, meaning that the contribution of those aged 85 and above to overall
growth is small. This is the case even when age-specific growth rates are the highest at older
ages (e.g. the highest growth rates for American females between years 2010 and 2020 are
found at ages 70 and 96, see unweighted Figure A3 in SOM Appendix 3). At these advanced
ages, growth is primarily driven by increases in survival. The contributions to growth vary
substantially across cohorts in the US, ranging from the high growth of baby-boomers (aged
55 to 75) and the “echo-boomers” (aged 25 to 35) to the low growth rates of the “baby bust”
between ages 40 and 50.

[Figure 2 about here]

Figure 3 further extends the observation of Figure 2 comparing the components of the
growth rate based on 25, 50, 75 or 100 years of historical data. The similarity in growth rate at
an earlier age, r-past, is confirmed regardless of the length of the historical series (similar
Figures are included in SOM Appendix 3 for the other five countries in this study). However,
small errors at each age accumulate, and can result in deviations in aggregate results. Table A2,
in the SOM Appendix 3, shows that using shorter time-series of historical information leads to
the r-past term increasing in explanatory power, while using longer time-series leads to an
increase in the importance of survival and net migration to the overall growth rate. Thus, there
are clear gains on precision by having a longer time series of information, particularly at the
age-aggregated level. In other words, using a shorter demographic history leads to more

information being contained in the r-past term, while using a longer time-series sees this
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information distributed among the other two components. This is the case even when small

deviations are observed at the age-specific level of the components of population growth.

[Figure 3 about here]

Figure 4 presents the national and subnational age-specific growth rates for the selected
countries. Also highlighted are the subnational populations with the highest and lowest overall
growth rates (r;(t) = fow 7,1 (t)Cy i (t)dx). All subnational populations’ age-specific growth
rates follow the same age-pattern as the national trend, except for Washington DC which has
higher growth at young ages (0 to 5 and 25 to 35) than the rest of the nation. As expected, the
subnational populations with the highest overall growth rates (7;), also correspond with the
highest values of age-specific growth rates. Opposing that, are the subpopulations with the
lowest growth rates, which also have low age-specific values. For the United Kingdom,
England and Wales corresponds to 89% of the population, so this subpopulation and the

national age-specific growth rates have practically the same age-pattern.

[Figure 4 about here]

Figure 5 shows the age-contribution of the components of US population growth between
the years 2010 and 2020, as well as the contribution to this growth from California, Florida and
Texas. These are the most populous states in the nation representing 12%, 8% and 6% of the
total population respectively, and corresponding to the c;(t) term in Eq. (3). While for the
nation the observed values are the product of the population composition, or ¢, (t), with each
component, for the state results there is the additional product with the state composition in the
nation, ¢;(t) term in Eq. (3). As such, the national growth is dominated by the populous states
and age-groups, as seen in Figure 4 for the UK. The same scale (vertical axis) is used for the
age-components for the three states, and although these differ from the national-level results in
scale, the age-patterns are similar. California and Florida closely follow the trends in age-
specific growth of the national level described in Figure 2, with the waves of baby boomers
and their echo cohorts present. However, at ages 20 to 40 the growth rate of the past (r-past)

exceeds the growth rate of 2010 to 2020, resulting from negative net migration at these ages.
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Patterns in Texas are less pronounced than for the other states--at younger ages (the late teens
and early twenties) growth is positive, as opposed to the negative age-specific growth observed

in the other states and the nation.

[Figure 5 about here]

The analysis at the subnational level in Figure 5 is extended in Table 1 to include the
populations from Australia, Canada, France, Japan, the UK and the US. The three most
populous subnational populations in each country and their contribution to the nation’s growth
rate between 2010 and 2020 are also included in the Table. The contribution to the national
growth of each of the subnational populations depends substantially on the proportion of the
population in those populations. For example, England and Wales which corresponds to 89%
of the population in the UK explains 93% of their nation population growth of » = 6.22%o.
Similarly, in Australia and Canada the three major states cover more than 75% of the population
of the country, and explain 82% and 73% of their population growth respectively. In Japan and
the US the three most populous states correspond to around a quarter of the population.
However, while for the US they explain 51% of the population growth, in Japan they are among
the few prefectures experiencing population expansion, while at the national level the
population size is declining. In most countries the -past component is the dominant component,
excepting the UK where cohort survival is the primary driver of change. The only uniform
trend within each country is that of survival, which consistently contributes to increased growth,
while 7-past and net migration differ both with respect to the national trend and between

subnational populations.

[Table 1 about here]
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Discussion

The national population growth rate, as a single demographic measure, hides the historical
demographic contribution of the components of change: fertility, mortality and migration
(Canudas-Romo et al. 2022). In this research, we integrate the past contribution of these factors
to overall population change, even for populations that do not have long demographic series of
information. This is possible because age-specific growth rates are very similar to the growth
rate at birth of their corresponding cohort (Preston and Vierboom 2021), except at older ages.
We find consistency in age-specific trends of the components of the population growth,
irrespective of the number of years of observation in all analyzed countries. In other words, at
young ages the mortality and migration effects have not disrupted the age-specific growth rates
enough from their initial growth rate at birth. Nevertheless, excess cohort mortality and/or
migration can cause this trend to be disrupted. For example, in every single population at older
ages the accumulation of mortality improvements in successive cohorts disrupts the similarity
between growth rates at old ages and their corresponding growth rate at birth (SOM Appendix
3). However, this disparity between growth rates (at old ages and birth) makes only a minor
contribution to the national population growth rate, as these advanced ages comprise a small

proportion of the total population.

Our proposed extension to the variable-r model has both strengths and weaknesses. First,
this variable-r extension can be widely applied to countries irrespective of the length of their
available historical demographic data. However, the current model requires country-specific
assessment for deciding when there is enough data to apply it, as opposed to having a rule of
thumb for all populations. Secondly, the current model calculations ensure that the elements of
the variable-r decomposition sum to the total growth rate. However, this means that the net
migration factor, domestic and international, is calculated as the residual of the other available
(population, births, and deaths) information. Although this issue arises largely from a lack of
high-quality data input on migration, the variable-r extension results can be influenced by this
lack of information, particularly in subnational populations. Thirdly, subnational data can
return surprising results, such as the growth rates for the largest prefectures in Japan opposing
the national trend, mainly due to the country’s internal migration. However, this is in most
cases unusual and the national results are largely determined by those subnational areas with
the biggest population share. Finally, an important consideration is that the extended variable-
r model can adapt to first-, second- or third-order divisions of countries, although the findings

will also vary by the geographies used.
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How changes at the subnational level relate to the national-level demographic change is key
to understanding the overall growth rate and other population metrics. These subnational
populations experience great variability in growth (Pezzulo et al. 2017), with substantial
implications for national-level trends. In our illustrations, the most populous subnational
populations were the drivers of much of the observed growth at the national level, except for
Japan where they worked against the national population decline. The latter result emphasizes
the need to study both changes in subnational populations, as well as the contribution of those
changes to the national population growth. It is particularly relevant to do a unifying analysis
of the subnational contributions to national-level growth in cases such as Japan, where some
subnational populations have increasing growth while others are declining. A second
illustration of subnational trends that highlight the use of the variable-r methodology is
observed for the US state-level age-patterns of the growth rate components in Figures 4 and 5.
For those states, unusual historical demographic trends that have an effect on current
population growth were identified for Washington DC (Figure 4) and Texas (Figure 5), which
differed from national and other state trends. These methods could also be used to explore the
contribution of non-geographic subnational groups (such as those defined by educational
attainment, race/ethnicity, or migration status) to overall population change. Furthermore, other
demographic variables, e.g. life expectancy or total fertility rate, can benefit from studying

changes at the subnational level, which can have differential contributions to national results.

Conclusion

Even as we age, a photograph from the past shows the sustained traits of an individual that
exist in the present day. Similarly, a population’s age-specific growth rates resemble the
levels of their corresponding growth rate at birth and can be used instead of the birth values
in variable-r applications. Our proposed method develops this relationship, allowing
researchers to use shorter periods of historical data and account for subnational contributions

when exploring changes to the national growth rate.
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Table 1. Female population growth rate between 2010 and 2020 for selected countries, based
on historical information on survival, net migration and past growth rate of 25 years as in Eq.
(2), and the contribution in those components of the most populous subnational populations as

in Eq. (3).

Population Growth Net

Country/State % (%) r-past  Survival  migration
Australia 100 15.93 9.82 1.15 4.95
New South Wales 32 4.38 (27) 2.45 0.40 1.53
Victoria 25 5.23 (33) 1.68 0.31 3.24
Queensland 20 3.45(22) 3.79 0.21 -0.55
Sum 78 13.06 (82) 7.92 0.92 4.22
Canada 100 10.85 6.40 1.04 3.40
Ontario 39 4.28 (39) 3.77 0.45 0.05
Quebec 23 1.66 (15) 0.54 0.27 0.85
British Columbia 13 1.98 (18) 2.00 0.15 -0.16
Sum 75 7.92 (73) 6.31 0.87 0.74
United States 100 6.50 6.37 0.89 -0.75
California 12 0.54 (8) 1.08 0.12 -0.66
Texas 8 1.44 (22) 1.21 0.06 0.16
Florida 6 1.37 (21) 1.95 0.11 -0.69
Sum 27 3.35(51) 4.24 0.29 -1.19
United Kingdom 100 6.22 1.52 1.63 3.09
England and Wales 89 5.80 (93) 1.71 1.44 2.65
Scotland 8 0.29 (5) -0.24 0.14 0.38
Northern Ireland 3 0.13 (2) 0.07 0.04 0.02
Sum 100 6.22 (100) 1.54 1.62 3.05
France 100 3.80 1.86 1.29 0.65
Tle-de-France 19 0.82 (22) 0.63 0.21 -0.02
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Auvergne-Rhone-
Alpes 12 0.77 (20) 0.41 0.16 0.20
Nouvelle-Aquitaine 9 0.04 (1) -0.12 0.13 0.03
Sum 40 1.63 (43) 0.92 0.50 0.21
Japan 100 -1.92 -3.84 1.49 0.44
Tokyo 10 0.63 (-33)  -0.87 0.15 1.36
Osaka Prefecture 7 0.00 (0) -0.40 0.11 0.29
Kanagawa Prefecture 7 0.17 (-9) 0.16 0.09 -0.08
Sum 24 0.80 (-42)  -1.11 0.35 1.57

Sources: authors’ calculations based on data described in Table A1l in the SOM.

Notes: Values in columns 2 to 5 have been multiplied by 1000. Countries ordered by national
growth rate from the highest in Australia (15.93%) to the lowest in Japan (-1.92%). Percentage
subnational population and contributions to national growth rates are presented in the first and
second columns, the latter in parenthesis. The UK values do not include the overseas territories

which explains the remaining gaps to the total.
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Figure 1. Age-contribution to the female population growth rate between 2010 and 2020,

1. (t), for selected countries.
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Figure 2. US female age-specific growth rates between 2010 and 2020, r«(t), and its
components in Eq. (2) with 25, 50, 75 and 100 years of historical data: Age-specific growth
rate at a younger age y, or r-past, cohort survival change and cohort net migration change

between ages y and x.
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Source: authors’ calculations based on data described in Table A1 in the SOM.

Notes: the vertical dashed-line in Figure 2 separates the young ages to the left as those with
full cohort historical information and those on the right without that (see SOM Appendix 2 for
more details). Scientific notation is used on the vertical-axis of Figures to highlight small

numbers (Burch 2022).
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Figure 3. Components of the US female age-specific growth rates between 2010 and 2020, as
in Eq. (2), with 25, 50, 75 and 100 years of historical data: Age-specific growth rate at a
younger age y, or r-past, cohort survival change and cohort net migration change between ages

y and x.
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Source: authors’ calculations based on data described in Table A1 in the SOM.
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Figure 4. National and subnational female age-specific growth rates (multiplied by population
composition) for selected HMD countries. The subnational populations with the highest and

lowest subnational overall growth rate are highlighted, 2010-2020.
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Source: authors’ calculations based on data described in Table A1 in the SOM.

Note: For the United Kingdom, England and Wales corresponds to 89% of the population, so
this subpopulation and the national age-specific growth rates have practically the same age-

pattern.
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Figure 5. US female age-specific growth rates between 2010 and 2020, based on 25 years of
historical information on survival, net migration and past growth rate (r-past) as in Eq. (2), and
the contribution to those components by the most populous states as in Eq. (3): California (CA),

Florida (FL) and Texas (TX).
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Source: authors’ calculations based on data described in Table A1 in the SOM.

Notes: National vertical-axis scale is different than for the state, since for the state results there

is the additional product with the state composition in the nation, c;(t) term in Eq. (3).
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Appendix 1. National and subnational databases used

Table A1 presents the available Human Mortality Database information at the national level,
as well as the subnational HMD data for the countries studied. All these databases result from
collaborations between country specialists with the HMD team to produce country specific
information at the subnational level. All these populations use the same methods protocol as
the HMD for calculating life tables. In other words, each subnational population is treated as
an independent population from the rest of the subnational and national data. This could create
problematic trends, since coherence between trends is not taken into account, as studies of
forecasting do (Pascarius et al. 2018; Bergeron-Boucher et al. 2018). Although, the subnational
population counts are not affected by such issues, further assessment is needed for the death
rates. Within the subnational data there were also different counts of populations and age-
specific death rates which had to be matched, and the shortest of the two series was taken here.
Population counts for the subnational populations in the French FHMD and American USMDB
were obtained directly from the developers of those collections, namely: Florian Bonnet and
Magali Barbieri respectively. We also sourced US Census Bureau (2020) for the US
subnational population from 2019 to 2020 and Eurostat (2024) for French subnational
population with five-year age group from 2016 to 2020.

Table Al. National and subnational databases used in the analysis.

Australia (AHMD) 1921-2021 1972-2021 1971-2021
Canada (CHMD) 1921-2021 1950-2021 1950-2021
France (FHMD) 1816 - 2021 1946-2020 1901-2021
Japan (JMD) 1947-2021 1975-2021 1975-2021
UK (HMD) 1922-2021 1922-2021 1922-2021
US (USMDB) 1933-2021 1980-2020 1959-2021

Note: The latest year for the Canadian territory of Yukon is 2016 and it was not included in the

analysis.

21



Published paper in Demography: https://doi.org/10.1215/00703370-11372369

Appendix 2. Methodological notes

The population growth rate is the relative derivative of population counts with respect to

time, denoted as r(t) = %, where a dot on top of a variable represents the derivative with

respect to time of the population count at time #, N (t). The age-specific population growth rate

can hence be represented in the same manner as 7, (t) = x"—gg . The population growth rate is
the weighted average
r(®) = [, ey (Ddx, (A1)

Ny (1)
N(t)

where ¢, (t) = corresponds to the population composition at age x and time z.

To decompose the population growth between two times we apply an extension of variable-
r method (Canudas-Romo et al. 2021). In the truncated variable- decomposition for each
cohort the population growth rate at age x and time ¢, ,.(t), are separated into the growth at an
earlier age y and time t — x + y, or 1;,(t — x + y), and the cohort and net migration changes

between the two ages as

n(0) =nr(t—x+y) +AST*(y,x) + AM**(y,x), (A2)
t—x St *(yx) t—x _ M (yx) . ..
where AS™™*(y, x) = S ) and AM**(y,x) = =) represent the relative derivatives

in cohort survival and net migration probabilities from the younger age y to the older age x.
The change in net migration AM*~*(y, x) is estimated as the residuals of Eq. (A2) similar to
previous studies (Preston and Stokes 2012; Preston and Vierboom 2021). In this paper, since
we aim to decompose the population growth between two time periods, we need to calculate
the age-specific growth rates 7, (t) from ages 0 to 100 using Eq. (A1-2) and maintaining the
age gap x-y constant over all ages. For the young ages with values less than the interval of study,
x < (x — ), Eq. (2) is modified by taking only the small range of information and the growth

rate at birth for those cohorts as

1. (t) = rg(t — x) + ASt™*(0,x) + AMt*~*(0, x), (A3)
B(t-x) . . .
where r5(t — x) = B the growth rate at birth at time #-x.

Figure A1l presents a visual representation of the information used in the analysis for three

different ages (20, 50 and 100) and the growth rate components of those ages as presented in


javascript:;
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Eq. A2 and A3: the age-specific growth rates between 2010 and 2020, the age-specific growth
rates of earlier years 1985-1995, and the survival between those years.

For example, at age 50 the growth rate 157,(2010) is calculated over 10 years between
2010 and 2020, and following Eq.(A2) used the growth r,5(1985), and the survival changes
AS1960(25,50), or changes between S196°(25,50) and $1°79(25,50).

However, at ages younger than 25 we used instead Eq. (A3). For example, at age 20 the
growth rate 1,,(2010) following Eq.(A3) used the growth rate at birth r5(1990), and the
survival changes AS199°(0,20), or changes between S199°(0,20) and $2°°°(0,20). As such,
younger cohorts include all their cohort information — in our case younger cohort were those
lessthant2 —t1 — 10 = 2020 — 1985 — 10 = 25, with the 10 corresponding to the
number of years used for the calculations of growth rates.

Finally, for all these cases the migration component was calculated as the residual term of
the difference between the growth rate in 2010, minus that in 1985, and minus the survival
between them. For example, for age one hundred we set AM1919(75,100) as equal to
T100(2010) minus the younger growth rate 715,5(1985) and the survival changes
AS1919(75,100).

For the examples presented in this study and the schematic application in Figure A1, the
current and earlier growth rates, as well as the growth rate at birth, are all of the same length—
10 calendar years. However, as emphasized in this study, the number of years of historical data

used can vary from 25 to 100 years, or other chosen lengths of time.
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Figure A1l. Depiction of the population growth rate between 2010 and 2020 and its components
for three ages: 20, 50 and 100.
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Approximating Continuous Change

Our equations in the main text and in Appendix 2, are in continuous, however data is found
only annually and approximations are needed for: the relative derivative, midpoint calculations,
and derivatives. We implemented standard approximations for those terms (Vaupel and
Canudas-Romo 2003; Preston et al. 2001).

Given a demographic function v(x,#) measured at two time points ¢ and ¢+h, we

approximated the relative derivative assuming a constant rate of change over time as

) | [v(x,t+h)
v(xt+h/2) Mol

v(x,t+h/2) h ) (A4)

We approximate the midpoint for a function using

vix, t+h/2) = [v(x,)v(x,t + h)]%, (A5)

and the derivative with respect to time by

5 p(x,t+h/2)
v(x,t + h/2) = [Z;t—ihjz) v(x,t + h/2). (A6)
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Appendix 3. Tables and Figures

Table A2 presents the results for the US female population growth rate between years 2010
and 2020, when using different historical information: 25, 50, 75 and 100 years. Although the
population growth rate is the same irrespective of the length of the historical information, the
contribution of each of the components changes with the amount of data. These results serve
as sensitivity analysis of the length of the demographic series and its impact on the survival,
net migration and past-growth components as described in Eq. (2). As observed in Table A2,
with the increase in demographic data the r-past reduces, and the survival and net migration
increase in their contribution. In other words, using a shorter demographic history leads to more
information being contained in the r-past term, while using a longer time-series sees this

information distributed among the other two components.

Table A2. US female population growth rate between 2010 and 2020, based on historical

information on survival, migration and past growth rate of 25, 50, 75 and 100 years.

25 6.50 6.37 0.89 -0.76
50 6.50 4.67 1.26 0.57
75 6.50 3.84 1.68 0.98
100 6.50 3.52 1.85 1.13

Source: authors’ calculations based on data described in Table A1 in the SOM.

Note: Values have been multiplied by 1000.
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Figure A2. Age-specific female population growth rate between 2010 and 2020, 7, (t), for

selected countries.
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Source: authors’ calculations based on HMD (2023) data.
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Figure A3 is analogous to Figure 4 in the main text but without the age composition, ¢, (t),

from Eq. (2), nor the state composition ¢;(t) from Eq. (3). The high growth rates at old ages

and the high contribution of improvements in survival at those ages are the two most evident

contrasts between Figure A3 and the composition weighted Figure 4. The latter Figure 4 takes

into account the small population composition at older ages, respect to the total, and weakens

the contribution of the progress in survival in age-specific growth rates observed in Figure A3.

Figure A3. US, California, Texas and Florida female age-specific growth rates between 2010

and 2020, based on 25 years of historical information on survival, migration and past growth

rate (7-past), but without the age composition, c, ;(t), from Eq. (2) or Eq. (3).

Growth Rate

Source: authors’ calculations based on data described in Table A1 in the SOM.
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Figure A4. Components of the female age-specific growth rates between 2010 and 2020 for

five countries, as in Eq. (2), with 25, 50, 75 and 100 years of historical data (depending on

availability of historical information): Age-specific growth rate at a younger age y, or r-past,

cohort survival change and cohort net migration change between ages y and x.
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